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Berry phases strongly affect the properties of crystalline materials, giving rise to modifications of
the semiclassical equations of motion that govern wave-packet dynamics. In non-Hermitian systems,
generalizations of the Berry connection have been analyzed to characterize the topology of these
systems. While the topological classification of non-Hermitian systems is being developed, little
attention has been paid to the impact of the new geometric phases on dynamics and transport. In this
work, we derive the semiclassical equations of motion for wave-packet dynamics in a system governed
by a non-Hermitian Hamiltonian. We show that non-Hermiticity is manifested in anomalous weight
rate and velocity terms that are present already in one-dimensional systems, in marked distinction
from the Hermitian case. We express the anomalous weight and velocity in terms of the Berry
connections defined in the space of left and right eigenstates and compare the analytical results
with numerical lattice simulations. Our work paves the way to the experimental detection of the
non-Hermitian analog of the anomalous velocity term, including the new anomalous drift terms,
which should be within immediate reach in currently available metamaterials.
I. INTRODUCTION
Topological band theory is an extension of the con-
ventional band theory of solids that accounts for pos-
sible nontrivial topology of the band structure of non-
interacting Hamiltonians describing particles under the
influence of periodic potentials [1–3]. A central quantity
that emerges is the geometric phase, or the Berry phase,
that is accumulated by the wave functions via spectral
flow along closed trajectories in momentum space [4, 5].
The corresponding Berry curvature, which functions as
an analogue of a magnetic field in reciprocal space, en-
dows isolated bands with a topological index, the Chern
number, that is forced to be quantized when integrated
over the entire Brillouin zone [6, 7].
Being able to consider the Berry curvature of a sin-
gle isolated band strongly relies on the adiabatic theo-
rem [8, 9]. For a single band to have a well-defined and
non-divergent Berry curvature, the band has to be iso-
lated from other bands such that adiabatic evolution or a
spectral flow can be carried out confined within a single
band, i.e., slower than the time scale set by the smallest
gap to other bands [9, 10]. The single-band Berry curva-
ture is also an essential ingredient in characterizing trans-
port. The semiclassical equations of motion describing
wave-packet dynamics are augmented by an anomalous
velocity term that is directly proportional to it [11–13].
This is the underlying principle of phenomena such as
the intrinsic contribution to the anomalous Hall effect in
systems with broken time reversal symmetry [14, 15].
Recently, it has been realized that certain systems,
those that are subject to dissipation or energy gain,
can be described by a non-Hermitian Hamiltonian [16–
20], and therefore, a topological classification for such
Hamiltonians became relevant [21–29]. A natural exten-
sion of the standard definitions, however, should be done
with caution, as the adiabatic theorem for non-Hermitian
Hamiltonians may break down [30–32] (as we highlight
in the following and describe in detail in Appendix A).
Moreover, the Hamiltonian possesses in general different
right and left eigenvectors, allowing for several distinct
generalizations of the Berry connection [23, 33–35]. And
indeed, standard rules such as the bulk-boundary corre-
spondence enforcing the existence of edge states for sys-
tems with Chern bands become complicated [36–38], and
sometimes do not survive with non-Hermiticity [39–41].
The fallacies of common conceptions and intuitions re-
grading topology and its characteristics in non-Hermitian
systems raise profound questions: When the adiabatic
theorem seems to fail, how should one treat wave-packet
dynamics in Bloch bands? In particular, when the sys-
tem is governed by a non-Hermitian Hamiltonian, can
one still disentangle the bands and isolate effects con-
tributed by the single-band Berry curvature? And which
of the mathematical quantities defined as generalizations
of the Berry connection and the corresponding curvature
enter into the equation of motion, and in what form?
What represents the generalization of the anomalous ve-
locity?
In this work, we set to address the above questions.
We derive the generalized semiclassical equations of mo-
tion for a wave packet whose dynamics is governed by a
non-Hermitian Hamiltonian. We analyze the evolution
of the wave packet in the presence of electric fields and
show that, in stark contrast with such dynamics in Her-
mitian systems, the dynamics in non-Hermitian systems
is perturbed by corrections given by nontrivial geometric
terms already in one spatial dimension. This is due to
the appearance of a new anomalous velocity term along
the direction of an applied electric field, which we refer
to here as an anomalous drift velocity. These terms, ap-
pearing in the equations of motion for the center of mass
of the wave packet, are expressed in terms of combina-
tions of the generalized Berry connection terms that are
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2gauge invariant and vanish when the system is Hermitian.
The same terms may be linked to first-order corrections
in perturbation theory to the velocity [42], similar to the
anomalous velocity term in two- and higher-dimensional
Hermitian systems [43, 44].
Our work is one of the first to provide a link between
the different Berry connections of non-Hermitian bands
and physical observables related to transport. While
wave-packet dynamics for non-Hermitian systems has
been addressed before [45], and the Berry connection in
time-dependent systems has been considered [32, 46], the
anomalous velocity terms we derive here were not ob-
tained in those works. By pin-pointing the implications
of the various connection terms appearing in the liter-
ature [23, 33–35] on wave-packet dynamics, we provide
a way to probe them experimentally. Given the recent
wave of experimental realizations of non-Hermitian sys-
tems in engineered metamaterial platforms [47–50], we
are confident that our predictions can be confirmed, and
will lead to further insight on the role played by topology
and geometry in non-Hermitian systems.
The remainder of this work is organized as follows: Af-
ter introducing conventions and our formalism in Sec. II,
we explain why the adiabatic theorem fails in non-
Hermitian systems and discuss the validity of a single-
band approximation in Sec. III. In Sec. IV, we present
the main result of this work, the semiclassical equations
of motion for non-Hermitian systems in the presence of
an electric field. Symmetries may impose constraints on
the equations of motions, as we discuss in Sec. V. Finally,
we compare our analytical results with numerical lattice
simulations in Sec. VI before concluding in Sec. VII. Sev-
eral technical details are relegated to the Appendices.
II. FORMALISM AND DEFINITIONS: BERRY
CONNECTION FOR NON-HERMITIAN
SYSTEMS
In this work, we address a generic linear system that
does not necessarily conserve energy due to loss and/or
gain. Such a system must be described by the general
linear evolution equation
i∂t |φ(t)〉 = H |φ(t)〉 , (1)
where H is a non-Hermitian linear operator, H 6= H†,
which we will refer to as the “Hamiltonian”. Despite this
use of terminology, we would like to stress that the sys-
tem does not have be quantum mechanical at all. For
example, Eq. (1) may describe classical diffusion in one
dimension when |φ(t)〉 is identified with the probability
density P (x, t) and H = iD∂2x with D the diffusion con-
stant. It can also describe classical waves with gain or
loss; although the wave equation is typically second or-
der in time, it may be decomposed into two first-order
equations, which can be cast in the form of Eq. (1).
Having this in mind, in this work we do not impose any
restrictions on the Hamiltonian in terms of symmetry, in
particular, we do not restrict ourselves to PT -symmetric
systems [51] and therefore allow the Hamiltonian to have
a set of complex energy eigenvalues that we denote by εµ.
We consider a time-independent non-Hermitian Hamil-
tonian such that these energies are the eigenvalues of
the time-independent Schro¨dinger equation, correspond-
ing to a set of right eigenstates |ψRµ 〉,
H|ψRµ 〉 = εµ|ψRµ 〉. (2)
The right eigenstates are generally different from the left
eigenstates of the Hamiltonian that obey
H†|ψLµ 〉 = ε∗µ|ψLµ 〉. (3)
For each right eigenstate |ψRµ 〉 of H with eigenvalue εµ,
there is a corresponding eigenstate |ψLµ 〉 of H† with en-
ergy ε∗µ. On a lattice (either infinite or with periodic
boundary conditions), the states |ψRµ 〉 represent Bloch
wave functions and can be labeled by their real crystal
momentum k and band index n [52].
In non-Hermitian systems, at certain points in param-
eter space, eigenvalues and eigenvectors of H coalesce,
such that there are fewer linearly independent eigenvec-
tors than degrees of freedom [53, 54], and left and right
eigenvectors are orthogonal [53]. Such points are called
“exceptional points” and the Hamiltonian is said to be
defective. In this work, we keep away from exceptional or
degeneracy points. Nevertheless, as we show, there are
subtleties that enter the construction of the wave packet
that stem from crossing points of the imaginary parts of
the energies. When discussing the construction of wave
packets, we will comment on these degeneracies in the
imaginary part of the energies, whereas we defer the dis-
cussion of exceptional points to future work. Under these
conditions, the two sets of eigenstates |ψR,Lnk 〉 fulfill the
following orthonormality conditions [55]
〈ψLnk|ψRn′k′〉 = δnn′δkk′ , (4)
while
〈ψRnk|ψRn′k′〉 = Inn′(k)δkk′ , (5)
〈ψLnk|ψLn′k′〉 =
[
I−1(k)
]
nn′ δkk′ (6)
do not vanish for n 6= n′ (although states with different
k, either left or right, are still orthogonal due to trans-
lational invariance). The symbol δkk′ represents either
a Kronecker delta or a delta function, depending on the
boundary conditions. Here I(k) is the Gramian matrix of
the linearly independent right eigenstates, which is pos-
itive definite and Hermitian. Its inverse I−1(k) is the
Gramian matrix of the left eigenstates.
The Bloch wave function ψαnk(r) = 〈r|ψαnk〉 can be split
up into a plane-wave contribution and a cell-periodic
part, ψαnk(r) = e
ik·ruαnk(r), with u
α
nk(r) = 〈r|uαnk〉 and
α ∈ R,L. We recall that for Hermitian Hamiltonians,
3the single-band Berry connection and curvature are de-
fined as [9]
An =i〈unk|∂kunk〉, (7)
Ωn =∇k ×An. (8)
This form suggest a natural generalization to the space
of eigenstates of non-Hermitian Hamiltonians. Instead
of a single connection term per band, we now have four,
given by [23, 33, 34]
Aαβn = i
〈uαnk|∂kuβnk〉
〈uαnk|uβnk〉
=
i〈u
α
nk|∂kuβnk〉 α 6= β
i
〈uαnk|∂kuαnk〉
〈uαnk|uαnk〉
α = β
(9)
where α, β stand for L,R. Although integrating the re-
sulting four curvatures (using the normalization Inn(k) =
1 for ARR and [I−1(k)]nn = 1 for ALL) over a two-
dimensional Brillouin zone (BZ) yields the same topo-
logical index [23], their structure is locally different. We
therefore seek to assign a physical meaning to these quan-
tities by highlighting their role in semiclassical wave-
packet dynamics.
III. THE SINGLE-BAND WAVE PACKET:
HERMITIAN VS. NON-HERMITIAN
Several underlying assumptions made in standard
derivations of the equations of motion governing a wave
packet’s dynamics become questionable or simply fail
when the system is non-Hermitian. Usually, a wave
packet is constructed from a single band, such that its
propagation in real space is determined by the band’s
group velocity as well as the single-band Abelian Berry
curvature (see Sec. IV). This requires energy bands to
be resolved, and transitions between bands to be neg-
ligible. In other words: These derivations rely on the
adiabatic theorem. Once coupling between the bands is
introduced via time-dependent terms, it is essential to
explore the conditions under which it is possible to treat
a single band as isolated.
The generalization of the adiabatic theorem to evo-
lution under a non-Hermitian Hamiltonian implies that
when energies are complex, a particle’s ability to stay
confined to a single band heavily depends on the imagi-
nary part of the complex energies. The failure of the stan-
dard adiabatic theorem when dealing with non-Hermitian
Hamiltonians has been pointed out in the past [30, 31].
We repeat the logic here since it is of crucial importance
to wave-packet evolution and the topological character-
ization of the system, and is often overlooked in recent
literature.
To be concrete, let us consider a Hamiltonian (not
necessarily describing a lattice system) that explicitly
changes with time due to some perturbation. In this
case, the general ansatz to solve the time-dependent
Schro¨dinger equation (1) can be expanded in terms of
the instantaneous right eigenstates of the Hamiltonian,
|φ(t)〉 =
∑
µ
cµ(t)e
−iϑµ(t)|ψRµ (t)〉, (10)
with complex time-dependent energies, H(t)|ψRµ (t)〉 =
εµ(t)|ψRµ (t)〉. We include only the real part of the ener-
gies to the phase ϑµ(t) =
∫ t
0
dt′Re εµ(t′) and take ~ = 1,
as we do for the remainder of the text. As we derive
explicitly in Appendix A following Refs. 31, 33, and 34,
the time evolution of the coefficients cµ is governed by
c˙µ =cµ(Im εµ − 〈ψLµ |∂tψRµ 〉) (11)
−
∑
ν 6=µ
cν
〈ψLµ |(∂tH)|ψRν 〉
εν − εµ e
i(ϑµ−ϑν),
in close analogy with the time evolution in Hermitian sys-
tems [8]. Equation (11) is equivalent to the Schro¨dinger
equation (1), but recast as a set of coupled equations for
the coefficients cµ that appear in (10).
In Hermitian systems, where left and right eigenvec-
tors are identical and all energies are real, the first term
in Eq. (11) is purely imaginary and thus cannot con-
tribute to any growth or decay of cµ. The second term
describes the coupling to other eigenstates ν 6= µ. When
the Hamiltonian varies slowly with respect to the en-
ergy difference between the occupied and the other states,
this coupling can be neglected since exp[i(ϑµ − ϑν)] is a
bounded oscillating function [8]. This is the standard adi-
abatic theorem, which implies that a single-band approx-
imation is possible for slowly varying Hamiltonians [9];
if the system starts in an eigenstate, it remains in that
eigenstate throughout the evolution. For lattice systems,
when applied to spectral flow over the parameter space
represented by the lattice momentum, this means that
wave-packet dynamics can be confined to a single band,
and hence single-band quantities such as the Berry cur-
vature are meaningful objects [9].
In the non-Hermitian case, however, the first term in
Eq. (11) is generally complex. Its real part Im εµ −
Re〈ψLµ |∂tψRµ 〉 results in an exponential growth or decay
of the coefficients cµ, in stark contrast to the Hermitian
case. Although the coupling to other bands described
by the second term in Eq. (11) has the same functional
form as in the Hermitian case, it cannot be safely ne-
glected [31]: any coupling between bands can be expo-
nentially amplified by the first term. The imaginary parts
of the energies therefore severely affect the ability to ne-
glect such couplings. If for some ν, Im εµ < Im εν , the
faster exponential growth of the νth eigenstate will even-
tually dominate the dynamics of |φ(t)〉 and we accord-
ingly cannot consider the µth eigenstate to be isolated—
the adiabatic theorem breaks down [31]. If we however
consider the eigenstate µ with maximal Im εµ > Im εν for
all ν 6= µ, the coefficients cν 6=µ that contribute to Eq. (10)
are exponentially suppressed compared with cµ. In other
words, for a non-Hermitian system, only the state that
4has the largest gain/smallest loss can be considered to be
isolated.
The breakdown of the adiabatic theorem severely af-
fects the semiclassical dynamics of wave packets in lat-
tice systems. In an otherwise time-independent system
that is perturbed by an electric field, the crystal momen-
tum k changes as a function of time and thus serves as
the adiabatic parameter. From our previous considera-
tions, we conclude that in order to use the single-band
Berry connection to describe the system’s dynamics, we
must confine our wave packet to the band with the largest
imaginary part of the energy, which we label by n. Ex-
panded in terms of its right eigenstates, the wave packet
reads
|W (t)〉 =
∑
n′
∫
k
wn′k(t)|ψRn′k〉. (12)
Here, wn′k(t) = wk(t)δnn′ is the time-dependent enve-
lope function distributing the weight of the wave packet
across the BZ, which is assumed to be centered around
and rapidly decaying away from the average momentum
kc. This implies that in real space the wave packet is
much wider than the lattice spacing. We denote the prop-
erly normalized integral over the whole momentum space
by
∫
k
.
Two aspects of non-Hermitian lattice systems impede
the construction of wave packets and need to be taken
into account. First, since band energies are not constant
as a function of momentum, evolution throughout the BZ
generally results in reordering of the imaginary parts of
the energies; cf. Sec. VI for some examples. Hence degen-
eracy points for the imaginary parts of the band energy
become crucial—they mark the transition regions in the
BZ in which wave packets constructed from eigenstate of
a single band switch between bands [46, 56]. Second, the
band index n is not necessarily defined globally through-
out the whole Brillouin zone. In particular, for so-called
point gaps [26] (we will explain this term in Sec. VI), the
index changes upon a translation of k by a reciprocal lat-
tice vector. For our purposes it is however sufficient to
distinguish different bands by an index defined locally in
the vicinity of the central momentum kc, which is always
possible.
IV. WAVE-PACKET DYNAMICS IN THE
PRESENCE OF ELECTRIC FIELDS
The gauge-invariant Berry curvature is essential to un-
derstand wave-packet dynamics in crystalline materials.
In the presence of external fields, the curvature enters the
equations of motion via an “anomalous velocity” term.
For systems in which the dynamics is governed by Her-
mitian Hamiltonians, a wave packet can be constructed
as a superposition of Bloch wave functions from a single
band, as long as bands are well-resolved in energy. Defin-
ing the average coordinate rc, the equations of motion in
the presence of an electric field E and a magnetic field B
are given by [9, 11–13]
r˙c =∂kεk|kc − k˙c ×Ωn, (13)
k˙c =− eE− er˙c ×B, (14)
where e is the elementary charge. The last term of
Eq. (13) is commonly known as the anomalous veloc-
ity term. It has consequences for transport in two- and
higher-dimensional system, and results in a deflection of
the particle trajectories [9].
The semiclassical equations of motion describe the evo-
lution of rc and kc, the center of the wave packet in real
and reciprocal space, respectively. The central position
and momentum are expectation values of the correspond-
ing operators with respect to the wave packet. Generally
speaking, the expectation value of an operator Aˆ is
〈A(t)〉 = 〈W (t)|Aˆ|W (t)〉
N(t)
. (15)
In this expression we need to include in the denominator
the norm or weight of the wave packet,
N(t) = 〈W (t)|W (t)〉, (16)
since it can vary in time. We stress that we define the
expectation value as in the Hermitian case, namely with
respect to the same state, differently from definitions
stemming from the biorthogonal formulation [55]. The
biorthogonal formulation relies on a set of left and right
eigenstates, such that expectation values are defined with
respect to a certain Hamiltonian. Furthermore, even if
the state is well-localized around some point in either real
or quasi-momentum space, the biorthogonal expectation
value may be far away from that point and may not even
be real. These issues are avoided by sticking to the stan-
dard definition, Eq. (15). This definition also implies that
expectation values of Hermitian operators Aˆ are real. For
operators such as position or quasi-momentum, Eq. (15)
represents the center of mass of the wave packet in the
corresponding space.
The standard route for deriving the equations of mo-
tion, outlined for example in Ref. 9, strongly relies
on conservation laws that do not persist when non-
Hermiticity is introduced. The construction of a classical
Lagrangian and the use of the Euler-Lagrange equations
is no longer valid due to the non-conservation of energy
and probability density. Therefore, in our case, we must
use the Schro¨dinger equation directly to bypass this dif-
ficulty, as it was done, for example, in Ref. 57.
The equations of motion describe the full derivative of
rc and kc with respect to time. For this, we first define
the momentum operator kˆ, an operator whose eigenvec-
tors are the Bloch waves and eigenvalues correspond to
the crystal momentum k. The expectation value for any
function f of kˆ calculated with respect to the wave packet
5|W (t)〉 is given by
〈f(kˆ)〉 = 〈W (t)|f(kˆ)|W (t)〉〈W (t)|W (t)〉 (17)
=
1
N(t)
∑
nn′
∫
k
w∗nk(t)wn′k(t)Inn′(k)f(k),
where we used Eq. (5) for the overlap of the right eigen-
states. The time derivative of any such expectation value
therefore requires the evaluation of the time derivative of
wnk(t). Using the Schro¨dinger equation we can write
w˙nk = −iwnkεn,k + ie
∑
n′
∫
k′
wn′k′〈ψLnk|Φ(r)|ψRn′k′〉,
(18)
where Φ(r) is the electrostatic potential that defines the
electric field (either physical or artificial, depending on
the physical context). For simplicity, we consider a con-
stant electric field, Φ(r) = −E · r, such that
w˙nk = −iwnkεn,k − ieE ·
∫
k′
wn′k′〈ψLnk|r|ψRn′k′〉. (19)
We note that this form also applies locally in the case
where the field is not constant, but varies slowly and
smoothly on a length scale that is large compared with
the spread of the wave packet.
While expectation values of the position operator
within Bloch bands are known to play a key role in the
modern theory of polarization and for Hermitian systems
are directly linked to the Berry connection over the BZ, a
complete theory generalizing it to non-Hermitian systems
is still lacking. In order to evaluate the matrix element
appearing in Eq. (19) and similar expressions that include
matrix elements of the position operator, we consider the
“weighted matrix element”∫
k,k′
〈ψαnk|r|ψβn′k′〉f(k,k′) = i
∫
k,k′
f(k,k′)
×
[
〈uαnk|eir·(k
′−k)|∂k′uβn′k′〉 − 〈ψαnk|∂k′ψβn′k′〉
]
=i
∫
k
[
f(k,k)〈uαnk|∂kuβn′k〉+ Iαβnn′(k) ∂k′f(k,k′)|k′=k
]
,
(20)
with Iαβnn′(k) = 〈ψαnk|ψβn′k〉. To derive above expression,
we used r|ψαnk〉 = ieik·r∂k|uαnk〉 − i∂k|ψαnk〉 and further-
more that f(k,k′) is periodic over the BZ in lattice mod-
els or vanishes when either momentum goes to infinity
in continuum approximations (e.g., the ubiquitous Dirac
approximation). Equations (19) and (20) are sufficient to
derive the time derivative of any expectation value that
is a function of the momentum operator kˆ. Combining
them together, we obtain the following relation
1
N
d
dt
∫
k
|wk|2I(k)f(k) = 2f(kc) Im εkc (21)
− eE ·
[
∂kI(k)|kc
I(kc)
f(kc) + ∂kf(k)|kc + i(ALR −ARL)
]
for wave packets restricted to one band. More details on
this equation are provided in Appendix C. Equation (21)
is one of the central results of this work as it immediately
yields two equations of motions. The first is the equa-
tion of motion for the evolution of the total weight N(t):
plugging in f(k) = 1, we find that
N˙
N
= 2 Im εkc − eE ·
(
∂kI(k)|kc
I(kc)
+ i(ALR −ARL)
)
.
(22)
We pause here to reflect on the form of Eq. (22) that
describes the evolution of the total weight of the wave
packet. As expected, the total weight diminishes or grows
due to the imaginary part of the energy. This effect repre-
sents the nonconservation of probability due to the non-
Hermiticity of H. Less obvious is the interpretation of
the second term of this equation, which is directly pro-
portional to the difference in connection terms ALR and
ARL and the derivative of the Gramian element Inn(k).
It is unusual to find the connection appearing inside an
equation of motion, and indeed, in Hermitian systems the
anomalous velocity term is proportional to the Berry cur-
vature rather than the connection itself. In Appendix D
we show that this term is gauge-invariant, as necessary
for an observable. We defer further discussion of the
physical meaning of it to a later stage and first discuss
the equations of motion for the centers of the wave packet
in momentum and real space.
Using (21) with f(k) = k and supplementing it with
(22) we find that the average momentum evolves accord-
ing to
k˙c = −eE, (23)
as expected. Any wave packet with a nonzero width in
momentum space experiences an additional drift in its
central momentum [24], as we discuss in Appendix B.
The derivation of r˙c is slightly more involved than that
of N˙ and k˙c. We first note that we can simplify the
central position rc using Eq. (20), which gives
rc = ARR(k)− i
2
∂kI(k)
I(k)
− ∂kϕk
∣∣∣∣
k=kc
, (24)
where ϕk is the (real) phase of the weights, wk =
|wk|eiϕk . Taking time derivative of the ith coordinate
of rc gives, once more using Eq. (19),
(r˙c)i = ∂ki Re εk|kc − e
∑
j
Ej∂kj
(
ARRi −
i
2
∂kiI(k)|kc
I(kc)
)
+
1
2
∑
j
eEj∂ki(ALRj +ARLj ). (25)
We give the lengthy but straightforward derivation in
Appendix C.
Using the definitions of the Gramian matrix and the
four different Berry connections, we can express the
6weight rate [Eq. (22)] more simply as
N˙
N
= 2 Im εkc − 2eE · Im
(ARR +ARL) . (26)
Similarly, the velocity [Eq. (25)] assumes the form
(r˙c)i = ∂ki Re εk − e
∑
j
Ej
[
∂kj ReARRi − ∂ki ReARLj
]
.
(27)
Thus, the two Berry connections ARR and ARL enter the
semiclassical equations of motion; their imaginary part
contributes to the anomalous weight rate and their real
part to the anomalous velocity.
Equation (27) completes the full set of equations of mo-
tion, along with (23) and (26). It contains three terms,
the first of which is familiar from Hermitian systems: The
velocity of the wave packet is proportional to the deriva-
tive of the real part of the band energy. If the electric
field is zero, this is the only term that contributes to the
velocity and it is identical to the equation of motion in
the Hermitian case. The two additional terms are both
proportional to the electric field E and derivatives of the
different Berry connection terms. We therefore identify
their sum as the anomalous velocity. It is easy to ver-
ify that this term is gauge-invariant, as we do explicitly
in Appendix D; in Appendix E, we additionally show
how to compute it in a gauge-independent manner using
projectors, which is especially useful in numerical calcu-
lations. We also note that when the system is Hermitian,
ARR = ARL = ALR, Eq. (27) reduces to the standard
equation of motion upon replacing k˙c = −eE,
r˙c = ∂kεk|kc − k˙c × (∇×A) , (28)
which is identical to Eq. (13), as expected. In contrast,
when the system is non-Hermitian, we observe that the
anomalous velocity term has a more complicated struc-
ture. We expect the last equation to hold even in the
presence of a magnetic field, which would contribute to
k˙c as in Eq. (14).
It is important to note that in particular, the anoma-
lous velocity generally does not vanish even for one-
dimensional systems: The evolution of rc assumes the
form
r˙c = ∂k Re εk − eE∂k Re
[ARR −ARL] , (29)
suggesting that the connection terms introduced by the
band topology in non-Hermitian systems modify the ve-
locity of the wave packet in the direction of propagation,
along the direction of the electric field. Therefore, we
refer to it as the anomalous drift velocity.
V. SYMMETRY CONSIDERATIONS
Symmetries play an important role for the semiclassical
equations of motion. In the Hermitian case, time-reversal
symmetry constraints the Berry curvature [9]
Ωn(−k) = −Ωn(k). (30)
Integrals over the whole BZ therefore vanish in the pres-
ence of time-reversal symmetry, which implies, for exam-
ple, that the Chern number must be zero [58]. Inversion
symmetry imposes the additional restriction
Ωn(−k) = Ωn(k), (31)
such that Ωn(k) = 0 when the combination of time-
reversal and inversion symmetry is present. Thus, the
anomalous velocity vanishes everywhere in the BZ.
In non-Hermitian systems, we can formally define two
different forms of time-reversal symmetry [21, 22, 26].
Time-reversal symmetry may either relate the Hamilto-
nian to its complex conjugate,
T+H
∗
−kT
†
+ = Hk (32)
or to its transpose
C+H
T
−kC
†
+ = Hk (33)
with unitary matrices T+ and C+. Both symmetry oper-
ations have the same effect on Hermitian operators, but
are distinct for non-Hermitian operators. Combining T+
and C+ gives pseudo-Hermiticity [59]
ηH†kη
† = Hk, (34)
with unitary η. Similarly, two different forms of particle-
hole symmetry are possible in non-Hermitian systems,
which can be combined to two distinct symmetries,
namely chiral and sublattice symmetry [26]. We do not
investigate the constraints that all possible antiunitary
symmetries impose on anomalous weight rate and ve-
locity, but nevertheless give their explicit form in sev-
eral cases in Appendix F . We focus our analysis on
T+T
∗
+ = +1 and C+C
∗
+ = +1, since the corresponding
antiunitary symmetries may relate eigenstates to them-
selves, differently from T+T
∗
+ = −1 and C+C∗+ = −1
that require two distinct eigenstates at time-reversal in-
variant momenta. Note that, different from Hermitian
systems, the energies of T+ time-reversed partners are
not the same, but related via complex conjugation.
The first form of time-reversal symmetry T+ is espe-
cially important when (unitary) inversion symmetry
PH−kP † = Hk (35)
is additionally present, with P †P = 1. In particu-
lar, when PT+ relates each eigenstate at k to its com-
plex conjugate at the same momentum, PT+ symme-
try is unbroken [60, 61], which is only possible when
(PT+)(PT+)
∗ = +1. As a consequence, all energy eigen-
values are real [60].
The anomalous velocity term is zero in presence of un-
broken PT+ symmetry. The relation between the eigen-
states and their complex conjugate constraints the Berry
7Name tL/ε0 tR/ε0 t
′
L/ε0 t
′
R/ε0
(I) 11/8 5/8 7/16 −3/8
(II) 12/11 10/11 −5/11 6/11
(III) 1.3 0.7 1.6 −0.5
(IV) 1.3i 0.7 0.2 0.9
TABLE I. Parameters of the non-Hermitian SSH model we
use in the numerical simulations.
connection [Eq. (9)] and the Gramian matrix [Eq. (5)],
as we demonstrate in Appendix F. In particular, we find
that
ARLn (k) +ALRn (k) = 0, ARR(k)−
i
2
∂kInn(k)
Inn(k)
= 0.
(36)
The anomalous contribution to the weight rate, however,
may be nonzero in these systems.
In presence of the related PC+ symmetry, similar re-
strictions apply to the Berry connection and Gramian
matrix I. However, neither the anomalous weight rate
nor the velocity term are zero because of these symmetry
restrictions. Only in Hermitian systems, where PC+ and
PT+ symmetries coincide, both contributions are zero.
In the presence of unbroken pseudo-Hermiticity with
real energy eigenvalues, both anomalous weight rate and
velocity are nonzero. Systems with unbroken pseudo-
Hermiticity thus constitute examples of non-Hermitian
systems without exponential gain or loss, but with semi-
classicial dynamics that is fundamentally different from
Hermitian systems. We present a detailed computa-
tion of the weight rate and velocity terms in the pres-
ence of time-reversal symmetry, inversion symmetry, and
pseudo-Hermiticity in Appendix F.
VI. NUMERICAL SIMULATIONS
We demonstrate our findings by employing numeri-
cal simulations of the wave-packet dynamics in a lattice
model. To this end, we use a non-Hermitian variant of
the Su-Schrieffer-Heeger (SSH) Hamiltonian [36, 62–64]
H(k) =
(
0 tL + t
′
Re
−ik
tR + t
′
Le
ik 0
)
, (37)
that describes a 1D model respecting chiral symmetry,
σzH(k)σz = −H(k), as well as PC+ symmetry with
PC+ = σx and σxHT (k)σx = H(k) [65]. We set the
lattice constant a = 1 and define for convenience the en-
ergy scale ε0 = |tR|+ |tL|.
The two bands of the SSH model (37) are non-
degenerate [23] apart from isolated points in parameter
space. The model supports both line gaps and point
gaps: A line gap implies that the energies in the complex
plane do not cross a reference line in the complex-energy
plane, whereas a point gap implies that the energies do
not cross a reference point [26]. To demonstrate the uni-
versality of our approach, we simulate the wave-packet
dynamics using four parameter choices specified in Ta-
ble I, which cover both line gaps [SSH (I), (II), and (IV)]
and point gaps [SSH (III)]; in the latter case the band
index switches upon translation by the reciprocal lattice
vector. None of these cases is close to an exceptional
point or a degeneracy point where both real and imag-
inary energy gaps close at the same momentum. Both
the anomalous weight rate and the anomalous velocity
are nonzero and vary with k. In Figs 1(a)–(d), we show
the real and imaginary part of the energies as a func-
tion of momentum, and in Figs. 1(e)–(h), we show the
energies in the complex-energy plane.
We simulate the time evolution of a wave packet that
is initialized at a certain central position rc and momen-
tum kc. We use periodic boundary conditions in all sim-
ulations, which is compatible with an electric field im-
plemented as A = −Et [66]. Thus, the Hamiltonian
H(k) → H(k + eA(t)) is time-dependent and we need
to discretize time to simulate the evolution of the wave
packet via
|W (tn+1)〉 = exp [i(tn+1 − tn)Hn+1,n] |W (tn)〉 (38)
with
Hn+1,n = H
(
k − eE tn+1 + tn
2
)
(39)
chosen at times between two time steps. We prepare the
wave packet at t = 0 by projecting a state |W˜0〉 onto the
nth band
|W (t = 0)〉 =
∑
k
|ψRnk〉〈ψLnk|W˜0〉. (40)
The state |W˜0〉 is not an eigenstate of the Hamiltonian.
It is localized at ki = kc|t=0 and ri = rc|t=0 with a
momentum-space width σ and a real-space width 1/σ.
The projected state |W (t = 0)〉 is equally-well local-
ized in real and momentum space since both the pro-
jector and |W˜0〉 are diagonal in momentum space, but,
different from |W˜0〉, all of the weight of the projected
|W (t = 0)〉 is on the nth band. Note that we do not
require a smooth gauge over the entire Brillouin zone,
but only locally around ki, which is always possible,
even for topologically nontrivial bands. In all simula-
tions we employ periodic boundary conditions with pe-
riod of L lattice sites, and evaluate the central position
via rc = L/(2pi) Im log〈W | exp(2piirˆ/L)|W 〉 [67].
As we pointed out in Sec. III, although the stan-
dard adiabatic theorem generally does not hold in non-
Hermitian systems, it is still possible to stay in the single-
band approximation [31], which is especially transpar-
ent in a two-band model [30, 32]. For sufficiently small
electric field and nonzero imaginary part of the ener-
gies, the dominant contribution to the weight rate is
N˙/N ≈ 2 Im ε with corrections by the anomalous weight
8FIG. 1. Energy dispersion of the non-Hermitian SSH model (37) for the parameter choices specified in Table I. Panels (a)–(d)
show the real (dark blue lines) and imaginary parts (olive lines) of the energies as a function of the crystal momentum k. The
dashed lines denote the bands we use to construct wave packets whose dynamics we simulate numerically. Depending on k, the
energies of these bands may have the largest imaginary part of both bands (green shaded regions) or the smallest imaginary
part (red shaded regions). Panels (e)–(h) show the imaginary part of the energies as a function of their real part (gray lines).
The red and green dots mark the energies at k = 0 and k = pi, respectively, and the red arrows point from k = 0 towards
positive k > 0. The parameters are chosen such that the models (I), (II) and (IV) have a line gap and (III) has a point gap.
Model (II) is at a fine-tuned point where εk = εk+pi coincide, hence each of the two band contours in Panel (f) flattens to an
arc.
rate that are small compared to Im ε for the parame-
ters we consider. Since chiral symmetry is present in the
two-band SSH model, the energies come in pairs ±εkc ,
such that whenever Im εkc 6= 0, the weight of one band
is exponentially suppressed and the other weight expo-
nentially enhanced. Although both bands have some
nonzero weight for t > 0, the exponentially enhanced
band quickly starts to dominate the wave packet’s be-
havior and the single-band approximation is justified.
We demonstrate this effect in Fig. 2, where we show
how the weight is distributed between the two bands of
the SSH model. To compare the weights, we define the
single-band weight
Nn =
∑
k
Inn(k)|wnk|2, (41)
where unlike the Hermitian case N 6= ∑nNn since mixed
terms with n 6= n′ also contribute to the total weight of
the wave packet. In Fig. 2(a), we show the evolution of
a wave packet’s weight that is initialized at kc|t=0 = pi/2
with Im εkc |t=0 > 0 (in band “+,” which denotes a posi-
tive real part of the energies). The wave packet remains
in its initial band during the whole time evolution (un-
til it eventually reaches momenta with Im εkc < 0), with
some small leakage to the other band that increases for
larger electric fields. When initializing the wave packet
at kc|t=0 = 3pi/2 where Im εkc |t=0 < 0 [Fig. 2(b)], the
FIG. 2. Time evolution of the normalized weight difference
(N+−N−)/(N++N−) for the non-Hermitian SSH model with
the parameters chosen as specified in Table I [SSH (I)] and
two different initial momenta ki = kc|t=0: (a) ki = pi/2 with
Im εki > 0, (b) ki = 3pi/2 with Im εki < 0. The different
colors denote different strengths of the electric field. In all
panels, we use periodic boundary conditions with L = 780
sites, a wave-packet width σ = 0.0067, and discrete time steps
with tn+1 − tn = 0.0168/ε0.
weight first remains in the initial band. After some time
that is shorter for larger electric fields, the wave packet’s
weight is distributed over both bands, before the other
initially unoccupied band dominates at larger times.
To illustrate our analytical results for the anomalous
weight rate and velocity, we compute wave-packet dy-
namics in the presence of an electric field. To this end,
we simulate the time evolution of the SSH model using
9FIG. 3. Time evolution of the anomalous weight rate, normalized by the electric field, for the different parameter regimes
summarized in Table I. We extract the anomalous weight rate by subtracting 2 Im εk from N˙/N and plot the result divided by
the strength of the electric field. In panels (a)–(d), we show the resulting anomalous weight rate at fixed wave-packet width
(σ = 0.0067) for various strengths of the electric field (with the different panels showing different parameter choices), whereas
we compare different wave-packet widths at a fixed electric field (eE = 0.0135ε0) in panels (e)–(h). The red dashed lines show
the analytic expectation based on Eq. (26) with eE = 0.0135ε0 (the expectation for larger fields is slightly shifted since the
central momentum at t depends on the field strength) . All quantities are evaluated at t = 12.57/ε0. We use L = 780 sites
with periodic boundary conditions and discrete time steps with tn+1 − tn = 0.0109/ε0 for SSH (III) and tn+1 − tn = 0.0168/ε0
for the other parameter choices.
FIG. 4. Time evolution of the anomalous velocity for the different parameter regimes summarized in Table I. We extract the
anomalous velocity by subtracting ∂kεk|kc from r˙c, and plot the result divided by the strength of the electric field. In panels
(a)–(d), we show the resulting anomalous velocity at fixed wave-packet width (σ = 0.0067) for various strengths of the electric
field (with the different panels showing different parameter choices), whereas we compare different wave-packet widths at a
fixed electric field (eE = 0.0135ε0) in panels (e)–(h). The red dashed lines show the analytic expectation based on Eq. (27)
with eE = 0.0135ε0 (the expectation for larger fields is slightly shifted since the central momentum at t depends on the field
strength). As in Fig. 3, all quantities are evaluated at t = 12.57/ε0, and we use L = 780 sites with periodic boundary conditions
and discrete time steps with tn+1 − tn = 0.0109/ε0 for SSH (III) and tn+1 − tn = 0.0168/ε0 for the other parameter choices.
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various wave-packet widths (ranging from σ = 0.0067
to σ = 0.02), and electric field strengths (ranging from
eE = 0.00441ε0 to eE = 0.0135ε0). As we demonstrate
in this section, it is necessary to prepare the wave packet
such that is sharply localized in momentum space. Since
the localization length in real space 1/σ must be consid-
erably smaller than the system size to have a well-defined
position, the wave packet’s momentum-space width is
bound from below by the inverse system size. Large sys-
tem sizes are therefore required for wave packets that are
sharply localized in momentum space. We also note af-
ter abruptly switching on the electric field, the system
relaxes after times t ∼ 1/ε0. The anomalous weight rate
and velocity term only start playing a role at times longer
than that, thus we focus our analysis on times after this
initialization.
We show the numerical results for the anomalous
weight rate in Fig. 3. To obtain the anomalous weight
rate, we first take the numerical time derivative N˙/N and
then subtract the contribution 2 Im εkc . The resulting
quantity increases approximately linearly with the ap-
plied electric field; dividing it by the field gives the Berry-
connection induced contribution, Eq. (26). In Figs. 3(a)–
(d), we show the numerically obtained anomalous weight
rate as a function of the initial central momentum kc|t=0
for different electric field strengths at fixed wave-packet
width. The different panels correspond to the different
parameter regimes specified in Table I. We only show the
evolution for wave packets at initial momenta ki = kc|t=0
where Im εki ≥ 0, i.e., where the dominant contribution
to the wave packet stems from the initial band (cf. Fig. 1,
where these regions are shaded green). We compare the
anomalous weight rate with the analytical expectation
(red dashed lines in Fig. 3), and find generally good
agreement. The only disagreement between the numer-
ical data and the analytical predictions occurs at small
momenta [k ∼ pi for SSH (II) and k ∼ 0 for SSH (I)
and (III)]. This is due to the fact that in this region, time
evolution of the central momentum, k˙c = −eE, shifts
the wave packet towards smaller kc where Im εkc < 0.
There, after some time during which both band mix, the
other band, which is initially unoccupied, starts to dom-
inate (cf. Fig. 2 for a simulation of the same behavior).
We also note that the quality of agreement between an-
alytical expectation and simulations is sensitive to the
model and parameter choices; for example, simulating
the model SSH (III) requires smaller time steps since the
energy varies faster as a function of momentum than for
the other parameter choices; cf. Fig. 1 (c) and (g).
In Figs. 3(e)–(h), we compare the anomalous weight
rate for different wave-packet widths at fixed electric
field. The minimal width is chosen such that it is larger
than a scale set by the inverse system size 1/L; for smaller
widths, the wave packet is not localized in real space.
The different panels again show the different parameter
choices specified in Table I. The agreement between the
numerical results and analytical predictions (red dashed
lines) is generally better for smaller wave-packet widths,
as expected because our analysis relies on wave packets
that are sharply localized in momentum space. As dis-
cussed in Appendix B, corrections to N˙/N due to the
finite packet width scale with σ2.
We show the numerically obtained anomalous veloc-
ity in Fig. 4. Similarly to the procedure for the anoma-
lous weight rate, we take the numerical time derivative of
the central position r˙c, subtract the contribution ∂kεk|kc
and divide the result by the strength of the electric field
to obtain the field-independent Berry-connection induced
contribution, Eq. (27). In Figs. 4(a)–(d), we compare the
anomalous velocity for different strengths of the electric
field at fixed wave-packet width. We again only show
those initial momenta where Im εki ≥ 0; cf. the green
shaded regions in Figs. 1(a)–(d). The agreement between
the numerically obtained velocity and analytical expec-
tation is generally better for larger electric fields, which
is an artefact of the numerical simulations: smaller fields
require smaller time step sizes, which are more prone to
numerical errors. As we conclude from the data shown
Figs. 4(e)–(h), the agreement is better for smaller wave-
packet widths; corrections due to the finite width scale
as σ2. Deviations from the expectation are especially
pronounced for SSH (III), but vanish in the limit of in-
finitesimal wave-packet width.
VII. SUMMARY AND CONCLUSIONS
In this work, we derived the set of semiclassical equa-
tions of motion that describes wave-packet dynamics in
the presence of electric fields for a system governed by a
non-Hermitian Hamiltonian. Instead of two such equa-
tions for the center of mass and central momentum, we
find three, with the additional equation of motion char-
acterizing the time evolution of the wave packet’s weight.
Anomalous terms contribute to the evolution of both the
center of mass, namely the velocity, and the weight rate.
These terms are proportional to the applied electric field
and originate from the Berry connection, i.e., the wind-
ing of the eigenstates in momentum space. Anomalous
weight rate and velocity are found to be present already
in one-dimensional systems, in marked difference from
the Hermitian case. Our results apply to the band whose
energy has the largest imaginary part, for which transi-
tions to other bands are exponentially suppressed [31].
As we have shown, transition points between bands fol-
low crossings of the imaginary parts of the complex en-
ergies. In the vicinity of such points, the equations of
motion cease to be valid, while after transitioning, the
single-band description is valid again. Therefore, apart
from such degeneracy points (or lines and surface in di-
mensions greater than one), our equations of motion rep-
resent a good description of the dynamics, where the ap-
propriate band into which the wave packet transitions is
determined by the reordering of the imaginary part of its
energy.
Similar to Hermitian systems, symmetries may con-
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strain the anomalous semiclassical contribution. We
showed that the anomalous velocity vanishes in pres-
ence of unbroken PT+ symmetry, which also implies real
energy eigenvalues [60, 68]. This is different from sys-
tems with unbroken pseudo-Hermiticity [59] with like-
wise real energy eigenvalues, for which we showed that
both anomalous weight rate and velocity are generally
nonzero. PC+ symmetry, the combination of inversion
and another formally possible definition of time-reversal
symmetry C+, which coincides with T+ for Hermitian
systems [26], does neither imply zero anomalous weight
rate nor zero anomalous velocity.
To support our analytical results, we numerically sim-
ulated the time evolution of a wave packet governed by
the non-Hermitian SSH model. These simulations clearly
showed the breakdown of the adiabatic theorem for wave
packets initialized in bands whose energies do not have
the largest imaginary part. We further isolated the
Berry-connection induced anomalous weight rate and ve-
locity and found excellent agreement with the analytical
expectation for vanishing wave-packet width. As we ex-
plicitly show in Appendix E, both the anomalous weight
rate and the velocity (the latter only in one dimension)
can be expressed in terms of projectors, which are use-
ful for numerical evaluations since they do not rely on a
smooth gauge, different from the expression in terms of
Berry connections and Gramian matrix.
We reiterate the importance of our results for one-
dimensional systems: In stark contrast to the Hermi-
tian case, the anomalous velocity is nonzero in one-
dimensional systems, which we demonstrated explicitly
using the SSH model as an example. Since its contribu-
tion is along the direction of an applied electric field, the
anomalous drift velocity potentially alters the σxx con-
ductivity. This contribution is naturally inherited from
the dissipative nature of the underlying non-Hermitian
Hamiltonian. A quantization of the anomalous velocity
integrated over the whole Brillouin zone can thus poten-
tially generate a quantized (disorder-independent) con-
tribution to σxx analog to the quantum Hall effect. The
implications of the diagonal terms on transport are left
for future work. It would also be interesting to exam-
ine the relation between our results and the question of
quantized response of open quantum systems described
by a Lindblad equation, with topology induced by their
coupling to the environment [69–71]. Another direction
to explore is how our results apply to the dynamics of
anomalous boundary modes that are described by the
long-time limit of a non-Hermitian Hamiltonian [72].
An additional natural extension of our work is the in-
clusion of magnetic fields into the semiclassical frame-
work. Within the semiclassical approximation, magnetic
fields result in a drift in momentum space due to the
Lorentz force, i.e., another contribution to k˙ [9]. The
effect on non-Hermitian systems may be similar, but we
leave determining it to future work, as well as the connec-
tion with novel chiral magnetic effects in non-Hermitian
systems [73].
Our analysis strongly relies on the single-band approxi-
mation. This approximation breaks down at degeneracies
where bands strongly mix. In this case, the equations of
motion need to be generalized for a subset of bands that
remains isolated from the rest of the system. In Her-
mitian systems, such a generalization is the non-Abelian
Berry connection [74, 75] that takes into account tran-
sitions within the isolated subset of bands. Moreover,
in our analysis we avoided exceptional points, which are
unique to non-Hermitian systems [53, 54]. Their treat-
ment is challenging since eigenvalues and eigenvectors co-
alesce at these points, such that many properties we used
break down, e.g., that the matrix of right eigenvectors is
invertible.
Going beyond semiclassical dynamics, the anomalous
weight rate and velocity terms may be useful for the topo-
logical classification of non-Hermitian systems: Similarly
to Hermitian systems, where integrals of the Berry curva-
ture over the whole BZ are quantized in two-dimensional
systems, integrals of the Berry-connection induced con-
tribution to the anomalous weight rate and velocity
might be quantized in the presence of certain symmetry
restrictions. The relation between this surmised quanti-
zation and previously defined topological invariants for
non-Hermitian systems [23, 24, 26, 64, 76] is surely of
interest. The anomalous weight rate and velocity may
endow a physical interpretation to rather abstract topo-
logical invariants, similar to the biorthogonal polariza-
tion [36].
To understand the relation between the anomalous
contribution and topology, the role of antiunitary sym-
metries must be analyzed. Here we focused on pseudo-
Hermiticity and the combination of inversion symmetry
with the two formally possible definitions of time-reversal
symmetry, where eigenvectors are related by a reality
condition. Particle-hole symmetries may impose simi-
lar restrictions on the eigenstates as they can, different
from Hermitian systems, relate eigenstates to themselves.
A careful analysis of the interplay of symmetries and
anomalous contributions to the semiclassical equations
of motion can give rise to a deeper understanding of the
role of symmetries and topology in non-Hermitian sys-
tems.
Finally, incorporating boundaries into the semiclassi-
cal equations of motion is a challenging task. In non-
Hermitian systems, it has been suggested that allow-
ing for complex crystal momenta potentially incorporates
boundary states of open systems [40, 77]. It would be
interesting to generalize our approach to complex mo-
menta, which is not only relevant for open systems, but
also has the potential to give hints how to resolve ques-
tions related to the bulk-boundary correspondence in
non-Hermitian systems.
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Appendix A: Failure of the adiabatic theorem for
non-Hermitian Hamiltonians
For completeness, we repeat the standard derivation of
the adiabatic theorem [8], but take into account that our
Hamiltonian is non-Hermitian. We investigate how states
governed by a time-dependent non-Hermitian Hamilto-
nian evolve in time and show why and when the adiabatic
theorem fails. Since the Hamiltonian under consideration
is non-Hermitian, its left and right instantaneous eigen-
states are generally different and satisfy
H(t)|ψRµ (t)〉 = εµ(t)|ψRµ (t)〉, H†(t)|ψLµ 〉 = ε∗µ(t)|ψLµ (t)〉
(A1)
with complex time-dependent energies εµ(t). To solve
the time-dependent Schro¨dinger equation (1), we use an
ansatz |φ(t)〉 that we express in terms of the right instan-
taneous eigenstates of H(t),
|φ(t)〉 =
∑
µ
cµ(t)e
−iϑµ(t)|ψRµ (t)〉, (A2)
where we defined the phase ϑµ(t) =
∫ t
0
dt′Re εµ(t′) for
convenience. From [i∂t − H(t)]|φ(t)〉 = 0 we get (drop-
ping the label t and keeping in mind that all quantities
depend on time)∑
µ
e−iϑµ [ic˙µ + cµ∂tϑµ + icµ∂t − cµH] |ψRµ 〉 = 0. (A3)
Using H|ψRµ 〉 = εµ|ψRµ 〉 and ∂tϑµ = Re εµ gives∑
µ
e−iϑµ [c˙µ − cµ Im εµ + cµ∂t] |ψRµ 〉 = 0, (A4)
which can be rewritten as∑
µ
c˙µe
−iϑµ |ψRµ 〉 =
∑
µ
cµe
−iϑµ(Im εµ − ∂t)|ψRµ 〉. (A5)
At this point, we utilize the orthogonality between left
and right eigenvectors away from exceptional points,
namely 〈ψLµ |ψRν 〉 = δµν , assuming a proper normaliza-
tion of left and right eigenstates. Multiplying Eq. (A5)
from the left with 〈ψLν | gives
c˙ν = cν Im εν −
∑
µ
cµ〈ψLν |∂tψRµ 〉ei(ϑν(t)−ϑµ(t)). (A6)
We bring the above expression for the coefficients into a
different form by first taking the time derivative of the
Schro¨dinger equation
∂t(H|ψRµ 〉) = (∂tH)|ψRµ 〉+H|∂tψRµ 〉 (A7)
and then multiplying from the left by 〈ψLν | with ν 6= µ,
again using that left and right eigenstates are orthono-
mal,
(εµ − εν)〈ψLν |∂tψRµ 〉 = 〈ψLν |(∂tH)|ψRµ 〉. (A8)
Separating the two cases µ 6= ν and µ = ν in Eq. (A6)
gives
c˙µ =cµ(Im εµ − 〈ψLµ |∂tψRµ 〉) (A9)
−
∑
ν 6=µ
cν
〈ψLµ |(∂tH)|ψRν 〉
εν − εµ e
i(ϑµ−ϑν),
where we exchanged µ ↔ ν and assumed that the ener-
gies are nondegenerate.
We pause here to note that if we had considered a
Hermitian Hamiltonian where the left and right sets coin-
cided and the energies were real, we would want to claim
that the second term on the right hand side was negligi-
ble for slow variations of the Hamiltonian (with respect
to the energy difference between the occupied level and
the rest). This is the standard adiabatic theorem [8] and
it allows dropping the second term, provided the bands
are separated such that the denominator is finite, and the
exponent that tags along is a bounded function (which is
indeed the case, since it is oscillatory).
In our case, however, the energies are not real, and
therefore there is a more stringent condition on when the
second term can be neglected. To understand the impli-
cations of Eq. (A9) on non-Hermitian systems, we note
that the first term Im εµ − 〈ψLµ |∂tψRµ 〉 is generally com-
plex, different from Hermitian systems where it is purely
imaginary (since Im εµ = 0 and left and right eigenvec-
tors coincide). This results in a phase rotation due to its
imaginary part and additionally to an exponential growth
or decay of the amplitude |cµ| due to its real part.
The following discussion applies to systems gov-
erned by a slowly varying Hamiltonian whose energy
eigenvalues have imaginary parts with absolute values
much larger than the Berry connection, | Im εµ| 
|Re〈ψLµ |∂tψRµ 〉|, such that the energy eigenvalues domi-
nate the dynamics of |φ(t)〉. Consider the time evolution
of a mixed state where all the weight is initially equally
distributed over all cµ. The state with the largest imag-
inary part of the energies grows the fastest/decays the
slowest and thus dominates the state’s behavior when
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coupling between the eigenstates can be neglected. In
this particular situation, such coupling is negligible when
the Hamiltonian varies slowly compared with the energy
difference between the different states.
Now consider a state prepared in a single eigenstate µ
with coefficients cµ(t = 0) = 1 and cν 6=µ(t = 0) = 0. The
real and imaginary parts of 〈ψLµ |(∂tH)|ψRν 〉/(εν − εµ) de-
fine inverse time scales that become smaller the more
slowly the Hamiltonian varies. Due to the oscillat-
ing term exp[i(ϑµ − ϑν)], integration over time yields a
bounded result. Although this coupling term is bound,
the coefficient cν 6=µ can still be relevant due to their ex-
ponential growth originating in c˙ν ∼ cν Im εν—this is
strikingly different from the Hermitian case where the
only growth of the amplitude of cν is due to coupling
to other bands. Thus, even for Hamiltonians that vary
slowly compared with the gap, coupling to unoccupied
eigenstates may play an important role in the system’s
dynamics [30, 31].
When initializing a state in the eigenstate µ with the
largest imaginary part Im εµ > Im εν for all ν 6= µ, which
corresponds to the largest gain or smallest loss, the adi-
abatic theorem still holds for the µth eigenstate. Any
exponential growth of another eigenstate ν 6= µ is al-
ways overwhelmed by Im εµ > Im εν . Thus, the adiabatic
theorem holds; this has been proven more rigorously in
Ref. 31.
In the case of a lattice system that we consider
throughout most of the main text, the energies are band
energies, and thus will generally depend on the crystal
momentum k (changing the label µ → n,k to band in-
dex and momentum). Therefore it is possible for a band
to be isolated and for the adiabatic theorem to hold only
for some regions of the BZ and not for all of it. This
has a crucial effect when we consider semiclassics and
the equations of motion: Due to the evolution of k via
k˙ = −eE, the imaginary parts reorder in time, such that
an eigenstate initialized in a band with the largest imag-
inary part is suppressed by another band as soon as the
imaginary parts of their band energies cross. We provide
examples for such crossings and corresponding reordering
of band energies in Sec. VI in the main text.
Appendix B: Corrections due to finite wave-packet
width
Any wave packet that is not delocalized in real space
has a certain nonzero width σ in momentum space. For
non-Hermitian Hamiltonians this width automatically in-
duces a time-dependent shift of the wave packet’s central
momentum, as we demonstrate in this Appendix (see also
Ref. 24). For simplicity we will explicitly treat the 1D
case, though the results for higher dimensions are sim-
ilar. One easy way to understand this shift in momen-
tum space is to consider the time evolution of a wave
packet centered at kc = 0 governed by a Hamiltonian
with Im εk|k=0 = 0, but ∂k Im εk|k=0 > 0, such that the
FIG. 5. The shift of a wave packet’s central momentum due to
its nonzero width in momentum space. (a) Without an elec-
tric field, the absolute value of the weights wk(t) increases or
decreases in time, depending on the sign of the imaginary part
of the energies [cf. panel (b)]. A wave packet initialized at
kc|t=0 = 0 (black line) loses weight for k < 0 (red shaded area)
and gains weight for k > 0 (green shaded area) when evolving
in time, such that its shape and central momentum changes
(gray line). (c) We show ∂tkc|t=0 for different widths σ that
collapse onto the same line when rescaling it by 2σ2. The
rescaled value equals ∂k Im εk (gray dashed line); cf. Eq. (B6)
and note that Im εkc = 0. In all simulations, we employ the
SSH model [Eq. (37)] with the parameters specified in Table I
[SSH (I)]. We use L = 600 lattice sites and periodic boundary
conditions.
imaginary part of the energies is (in the vicinity of k = 0)
positive for k > 0 and negative for k < 0. When evolving
the wave packet in time, it gains weight for k > 0 and
loses weight for k < 0. This gives an effective shift of
the central momentum kc in time. In Fig. 5 we demon-
strate this behavior using the numerically obtained time
evolution of the non-Hermitian SSH model, Eq. (37). In
panel (a) we show the squared weights |wk|2 of a wave
packet [black line in panel (a)] initialized in a single band
with negative imaginary part of the energies for k < 0 and
positive Im εk > 0 for k > 0; cf. panel (b). To demon-
strate the gain and loss of the weights, we compare the
initial wave packet with the time-evolved wave packet at
time t = 1/ε0 [gray line in panel (b)]; the wave packet
loses weight for k < 0 and gains weight for k > 0, as
expected. As a result, the central momentum shifts with
time to kc > 0, and hence ∂tkc > 0.
A more formal way to understand the shift in momen-
tum is by a Taylor expansion around the central momen-
tum kc. Consider the integral∫
dk |wk|2I(k)f(k) ≈
∫
dk |wk|2I(k) [f(kc) (B1)
+∂kf(k)|k=kc(k − kc) +
1
2
∂2kf(k)|k=kc(k − kc)2
]
,
where we expanded f(k) around kc. By employing the
definition of the central momentum
∫
dk |wk|2I(k)(k −
kc) = 0 and the second moment
∫
dk |wk|2Inn(k)(k −
14
kc)
2 = Nσ2, we obtain, using that the weight is sharply
peaked around kc [24],∫
dk |wk|2I(k)f(k) ≈ Nf(kc) + 1
2
Nσ2∂2kf(k)|k=kc .
(B2)
In absence of an electric field, we employ Eq. (B2) to
determine corrections to the norm rate and velocity. In
particular, we have
N˙
N
=
2
N
∫
dk |wk|2I(k) Im εk ≈ 2 Im εkc + σ2∂2k Im εk|kc .
(B3)
We further evaluate the time derivative of unnormalized
momentum expectation value,
d
dt
〈W |kˆ|W 〉 = 2
∫
dk |wk|2I(k)k Im εk (B4)
≈ N [2k Im εk + σ2 (k∂2k Im εk + 2∂k Im εk)]k=kc ,
such that the time derivative of the central momentum
k˙c =
1
N
[
d
dt
〈W |kˆ|W 〉 −Nkc N˙
N
]
(B5)
=2σ2 ∂k Im εk|k=kc , (B6)
This expectation agrees well with the numerical simula-
tions, as we demonstrate in Fig. 5(c). There we com-
pare the numerically obtained time derivative ∂tkc|t=0
for the non-Hermitian SSH model [Eq. (37)] with the
momentum derivative of the imaginary part of the en-
ergies ∂k Im εk|k=kc(t=0) and find that the data matches
well the prediction, Eq. (B6).
Appendix C: Details on the derivation of the
equations of motion
In the main text, we sketched how central relations
between the expectation value of the position operator
and the different Berry connections give rise to the semi-
classical equations of motion that govern the wave-packet
dynamics. Here, we provide more details on these rela-
tions, in particular, which assumptions were used in their
derivation. We start by deriving Eqs. (20) and (21) be-
fore turning to the position operator.
1. Momentum-dependent functions
The position operator acting on a Bloch eigenstate
r|ψαnk〉 can be expressed by derivatives of the Bloch and
cell-periodic eigenstates,
r|ψαnk〉 = ieik·r∂k|uαnk〉 − i∂k|ψαnk〉, (C1)
such that the overlap (with α, β ∈ L,R)
〈ψαnk|r|ψβn′k′〉 =i〈uαnk|eir·(k
′−k)|∂k′uβn′k′〉
− i〈ψαnk|∂k′ψβn′k′〉. (C2)
Integrating the overlap multiplied by a function f(k,k′)
over both momenta k and k′ yields∫
k,k′
f(k,k′)〈uαnk|eir·(k
′−k)|∂k′uβn′k′〉
=
∫
k
f(k,k)〈uαnk|∂kuβn′k〉, (C3)
where we used that the functions uαnk(r) are periodic in
real space with the lattice period, hence the inner prod-
uct 〈uαnk|eir·(k
′−k)|∂k′uβn′k′〉, which is a Fourier transform
over real space, vanishes unless k−k′ equals a reciprocal
lattice vector, which needs to be zero since both momenta
are in the first BZ. The second integral is∫
k′
f(k,k′)〈ψαnk|∂k′ψβn′k′〉 =− Iαβnn′(k)∂k′f(k,k′)|k′=k,
(C4)
with Iαβnn′(k) = 〈ψαnk|ψβn′k〉. For the second relation, we
assumed that f(k,k′) is periodic in k for lattice systems,
or vanishes when one of the momenta goes to infinity in
continuous systems. Combining both relations gives∫
k,k′
f(k,k′)〈ψαnk|r|ψβn′k′〉 = i
∫
k
[
f(k,k)〈uαnk|∂kuβn′k〉
+Iαβnn′(k) ∂k′f(k,k
′)|k′=k
]
, (C5)
as quoted in the main text, Eq. (20).
We use Eq. (C5) to derive the time-derivative of any
operator that is a function of the momentum operator kˆ,
in particular
1
N
d
dt
〈W (t)|f(kˆ)|W (t)〉 = 1
N
∑
nn′
∫
k
f(k)Inn′(k) (C6)
× (w˙∗nkwn′k + w∗nkw˙n′k) ,
where the time evolution of wnk is governed by Eq. (19).
We now assume that the single-band approximation
holds, i.e., that the weight |wnk|2 is concentrated in a
single band, such that we can drop the band indices and
do not have to consider cross terms with n 6= n′. Insert-
ing the time derivatives w˙∗k and w˙k gives
d
dt
〈W (t)|f(k)|W (t)〉 = i
∫
k
f(k)I(k)
[|wk|2(ε∗k − εk)
+eE ·
∫
k′
(
w∗k′wk〈ψRk′ |r|ψLk 〉 − w∗kwk′〈ψLk |r|ψRk′〉
)]
.
(C7)
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We use Eq. (C5) to evaluate the double integral over
k,k′,∫
k,k′
fI
(
w∗k′wk〈ψRk′ |r|ψLk 〉 − w∗kwk′〈ψLk |r|ψRk′〉
)
=
∫
k
|wk|2
[
fI
(ARL −ALR)+ i∂k (fI)] , (C8)
such that the time derivative evaluates to
1
N
d
dt
〈W (t)|f(k)|W (t)〉 = 2 Im εkc − eE · [∂kf
+f(kc)
(
∂kI
I
+ i(ALR −ARL)
)]
|kc ,
(C9)
as quoted in the main text, Eq. (21).
2. Time evolution of average position
The derivation of the time evolution of the central posi-
tion is straightforward, but requires some additional in-
tegral identities. We start by noting that the average
position
rc =
1
N
〈W (t)|r|W (t)〉 = 1
N
∫
k,k′
w∗kwk′〈ψRk |r|ψRk 〉
=
i
N
∫
k
[|wk|2〈uRk |∂kuRk 〉+ I(k)w∗k∂kwk] (C10)
can be expressed in terms of previously introduced quan-
tities. To evaluate the second integral, we define the
angle ϕ via wk = |wk|eiϕ and use
1
N
∫
k
fIw∗k∂jwk =
1
N
∫
k
fI
[
i|wk|2∂jϕ+ r∂jr
]
= if∂jϕ+
1
2N
∫
k
fI∂j |wk|2
= f
[
i∂jϕ− 1
2
∂jI
I
]
− 1
2
∂jf, (C11)
where we dropped all momentum labels whenever there
is no ambiguity, and denote momentum derivatives with
respect to the jth component of k by ∂j , as we will do
in the remainder of this section. (Derivatives with re-
spect to k′ are marked as such.) Above relation allows
to express the central position
rc = ARR − i
2
∂kI
I
− ∂kϕ
∣∣∣∣
k=kc
, (C12)
as quoted in the main text, Eq. (24). Similarly to
Eq. (C11), we obtain
1
N
∫
k
fIwk∂jw
∗
k = f
[
−i∂jϕ− 1
2
∂jI
I
]
− 1
2
∂jf (C13)
for integrals containing the term wk∂jw
∗
k.
We are interested in the time evolution of rc,
r˙c =
1
N
d
dt
〈W (t)|r|W (t)〉 − m˙
m
rc (C14)
and write the weight rate N˙/N in the short form
N˙
N
= 2 Im ε− e
∑
j
Ejηj , ηj =
∂jI
I
+ i(ALRj −ARLj ).
(C15)
For now, we focus ith component of the time derivative
of 〈W (t)|r|W (t)〉, which we split up into two parts
1
N
d
dt
〈W (t)|xi|W (t)〉 = α˙i + β˙i, (C16)
with
α˙i =
i
N
∫
k
I(w˙∗k∂iwk + w
∗
k∂iw˙k), (C17)
β˙i =
i
N
∫
k
(w˙∗kwk + w
∗
kw˙k)〈uRk |∂iuRk 〉. (C18)
Both terms contain a contribution independent of the
electric field and another contribution that enters as the
scalar product with E,
α˙i = α˙
ε
i + e
∑
j
α˙EijEj , β˙i = β˙
ε
i + e
∑
j
β˙EijEj . (C19)
We start by evaluating α˙εi and β˙
ε
i . Inserting only the
field-independent contribution to w˙k into Eq. (C17) and
using Eq. (C11) to evaluate the integral gives
α˙εi =
1
N
∫
k
I[(εk − ε∗k)w∗k∂iwk + |wk|2∂iεk]
= (εk − ε∗k)
[
i∂iϕ− 1
2
∂iI
I
]
− 1
2
∂i(εk − ε∗k) + ∂iεk
= 2 Im εkc
[
−∂iϕ− i
2
∂iI
I
]
+ ∂i Re εk. (C20)
Similarly, the field-independent contribution to Eq. (C18)
is
β˙εi =
1
N
∫
k
I|wk|2(εk − ε∗k)〈uRk |∂iuRk 〉 = 2ARRi Im εk,
(C21)
such that
α˙εi + β˙
ε
i =2 Im εk
[
ARRi −
i
2
∂iI
I
− ∂iϕ
]
+ ∂i Re εk
=2(rc)i Im εk + ∂i Re εk, (C22)
where we inserted the central position coordinate (rc)i
using Eq. (C12)
The field-dependent contribution is more challenging
to evaluate. We start by noting that αEij consists of three
parts,
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α˙Eij =
1
N
∫
k,k′
I(k)
[
w∗kwk′〈∂iψLk |xj |ψRk′〉 − w∗k′〈ψRk′ |xj |ψLk 〉∂iwk
]
(C23)
=− 1
N
∫
k,k′
[
wk′∂i(I(k)w
∗
k)〈ψLk |xj |ψRk′〉+ I(k)w∗k′∂iwk〈ψRk′ |xj |ψLk 〉
]
, (C24)
containing derivatives ∂i with respect to w
∗
k, I(k), and wk, respectively. We simplify each of these terms one by one.
Using Eq. (20) gives
α˙Eij =−
i
N
∫
k
I
[
wk∂iw
∗
k〈uLk |∂juRk 〉+ ∂jwk∂iw∗k + w∗k∂iwk
(
〈uRk |∂juLk 〉+
∂jI
I
)
+ w∗k∂j∂iwk
]
(C25)
− i
N
∫
k
∂iI
[|wk|2〈uLk |∂juRk 〉+ w∗k∂jwk] .
The first integral that contains wk∂iw
∗
k and w
∗
k∂iwk can be solved using Eq. (C11). Further simplifying the first term
in the second integral gives
α˙Eij =−
(
∂jI
I
+ i(ALRj −ARLj )
)(
−∂iϕ− i∂iI
2I
)
+
1
2
∂i
(ALRj +ARLj )+ i2∂i ∂jII
− i
N
∫
k
[Iw∗k∂j∂iwk + ∂iIw
∗
k∂jwk + I∂iw
∗
k∂jwk] . (C26)
The last remaining integral is zero,∫
k
[Iw∗k∂i∂jwk + ∂iIw
∗
k∂jwk + I∂iw
∗
k∂jwk]
=
∫
k
∂i(Iw
∗
k∂jwk) = 0, (C27)
such that we obtain the simplified form
α˙Eij =−
(
∂jI
I
+ i(ALRj −ARLj )
)(
−∂iϕ− i∂iI
2I
)
+
1
2
∂i
(ALRj +ARLj )+ i∂i ∂jI2I (C28)
=− ηj
[
−∂iϕ− i
2
∂iI
I
]
+ ∂i
ALRj +ARLj
2
+ i∂j
∂iI
2I
,
where we used that ∂i((∂jI)/I) = ∂j((∂iI)/I) and intro-
duced ηj from Eq. (C15). The contribution β˙
E
ij is easier
to evaluate. We first use Eq. (20) to simplify
β˙Eij =
1
N
∫
k,k′
[w∗kwk′〈ψLk |xj |ψRk′〉 − w∗k′wk〈ψRk′ |xj |ψLk 〉]
× 〈uRk |∂iuRk 〉 (C29)
=
i
N
∫
k
|wk|2[〈uLk |∂juRk 〉 − 〈uRk |∂juLk 〉]〈uRk |∂iuRk 〉
− i
N
∫
k
|wk|2∂j〈uRk |∂iuRk 〉, (C30)
which gives
β˙Eij =−
[
∂jI
I
+ i(ALRj −ARLj )
]
ARRi − ∂jARRi (C31)
=− ηjARRi − ∂jARRi . (C32)
The sum of the two field-dependent contributions is
therefore
α˙Eij + β˙
E
ij =∂i
ALRj +ARLj
2
− ∂j
(
ARRi −
i
2
∂iI
I
)
− ηjxi,
(C33)
which, combined with Eq. (C22), gives
1
N
d
dt
〈W |xi|W 〉 = (rc)i(2 Im εk − eEjηj) + ∂i Re εk
+ eEj
[
∂i
ALRj +ARLj
2
− ∂j
(
ARRi −
i
2
∂iI
I
)]
.
(C34)
We finally identify N˙/N = 2 Im εk − eEjηj to write the
time evolution of the central position as
(r˙c)i = ∂i Re εk − eEj
[
∂j
(
ARRi −
i
2
∂iI
I
)
−1
2
∂i(ALRj +ARLj )
]
(C35)
as quoted in the main text, Eq. (25).
Appendix D: Gauge invariance
In this Appendix, we show that the anomalous weight
rate and velocity are independent of the gauge choice.
Here, we understand “gauge choice” as a generalization
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of the gauge in Hermitian systems. In particular, a trans-
formation of the right cell-periodic eigenstates
|uRnk〉 → |u¯Rnk〉 = fn(k)|uRnk〉 (D1)
with an analytic and nonzero function fn(k) requires a
corresponding transformation of the left eigenstates
|uLnk〉 → |u¯Lnk〉 =
1
f∗n(k)
|uLnk〉 (D2)
to keep left and right eigenstates orthonormal [23]. This
implies that
I¯nn′(k) = 〈u¯Rnk|u¯Rn′k〉 = f∗n(k)fn(k)Inn′(k) (D3)
and
∂kI¯nn(k)
I¯nn(k)
=
∂kInn(k)
Inn(k)
+
∂kf
∗
n(k)
f∗n(k)
+
∂kfn(k)
fn(k)
. (D4)
The Berry connections transform accordingly
A¯LRn = ALRn + i
∂kf(k)
fn(k)
, A¯RLn = ARLn − i
∂kf
∗(k)
f∗n(k)
,
(D5)
which gives
∂kI¯(k)
I¯(k)
+ i(A¯LR − A¯RL) = ∂kI(k)
I(k)
+ i(ALR −ARL),
(D6)
i.e., the anomalous weight rate is gauge-invariant.
To confirm that the anomalous velocity is gauge-
independent, we start by noting that ARRn transforms
as
A¯RRn = ARRn +
i∂kfn(k)
fn(k)
(D7)
and accordingly
A¯RRn −
i
2
∂kI¯nn(k)
I¯nn(k)
=ARRn −
i
2
∂kInn(k)
Inn(k)
(D8)
+
i
2
(
∂kfn(k)
fn(k)
− ∂kf
∗
n(k)
f∗n(k)
)
.
Using Eq. (D5) for the Berry connection with α 6= β, we
obtain
A¯LRn + A¯RLn = ALRn +ARLn + i
∂kfn(k)
fn(k)
− i∂kf
∗
n(k)
f∗n(k)
,
(D9)
such that, using the symmetry of second derivatives,
∂j
[
∂ifn(k)
fn(k)
]
− ∂i
[
∂jfn(k)
fn(k)
]
= 0, (D10)
the terms containing fn cancel in the anomalous velocity
term. Thus, both quantities are gauge-independent.
Appendix E: Computing the anomalous weight rate
and velocity using projectors
When numerically finding the eigenstates of a finite-
dimensional Hamiltonian at two different momenta, the
phase of these two eigenstates will be essentially inde-
pendent of each other. In other words, it is hard to fix a
gauge for the whole Brillouin zone numerically. This im-
plies that a naive computation of the momentum deriva-
tive of an eigenstates ∂k|uαnk〉 via finite differences cannot
be used due to the independent phases at k and k + dk.
Thus, to compute the anomalous weight rate and velocity
numerically, we need a method that is independent of the
(random) phase of the eigenstates. Using a biorthogonal
basis [Eq. (4)], the projector
PRL = |uRnk〉〈uLnk| (E1)
and its Hermitian conjugate (PRL)† = PLR are invari-
ant under the transformation |uRnk〉 → fn(k)|uRnk〉 with
an analytic and nonzero function fn(k), as long as the
orthonormality condition (4) is satisfied. By further nor-
malizing the right eigenstates according to Inn(k) = 1,
all projectors Pαβ = |uαnk〉〈uβnk| with α, β = L,R are
gauge-independent.
Thus, using the normalization 〈uαnk|uRnk〉 = 1, we find
that the trace over the band indices at fixed k
tr[PRR∂kP
LL] = tr
[|∂kuLnk〉〈uRnk|]+ tr [|uRnk〉〈∂kuLnk|]
= 〈uRnk|∂kuLnk〉+ 〈∂kuLnk|uRnk〉 = i
(ALR −ARL) .
(E2)
Since in our gauge ∂kInn(k) = 0, above expression equals
the Berry-connection-induced contribution to the anoma-
lous weight rate, Eq. (22).
In 1D systems, we also find an expression for the
anomalous velocity contribution in terms of gauge-
invariant quantities. We use the relations
tr
[
PLR∂kP
RR
]
= tr
[|∂kuRnk〉〈uRnk|+ |uLnk〉〈∂kuRnk|]
=〈uRnk|∂kuRnk〉+ 〈∂kuRnk|uLnk〉 (E3)
and
tr
[
PRL∂kP
RR
]
= tr
[|∂kuRnk〉〈uLnk|+ |uRnk〉〈∂kuRnk|]
=〈uLnk|∂kuRnk〉+ 〈∂kuRnk|uRnk〉. (E4)
We identify the different Berry connections and again use
Inn(k) = 1, which gives
i
2
tr
[
(PRL − PLR)∂kPRR
]
=
1
2
(ALR +ARL)−ARR.
(E5)
Taking the derivative with respect to k gives the Berry-
connection-induced contribution to the anomalous veloc-
ity, Eq. (29). A similar approach applies to higher dimen-
sion, though there one would have to start from combi-
nations of expressions of the form tr[∂kiP
αβ∂kjP
α′β′ ] to
obtain the combination of Berry connection derivatives
appearing in Eq. (25).
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Appendix F: Symmetry restrictions on anomalous
weight rate and velocity
Similar to Hermitian systems where the anomalous ve-
locity term is zero when both time-reversal and inver-
sion symmetry are present [9], symmetries play a cen-
tral role in determining the anomalous velocity contri-
bution in non-Hermitian systems. In this Appendix, we
discuss in detail how antiunitary symmetries and their
combinations, as well as inversion symmetry, constrain
the anomalous weight rate and velocity terms.
In non-Hermitian systems, time-reversal and particle-
hole symmetry formally get promoted to four different
antiunitary symmetries [26]
T±H∗−kT
†
± = ±Hk, (F1)
C±HT−kC
†
± = ±Hk, (F2)
where all matrices T± and C± are unitary. We do not
aim to discuss the physical meaning of these operations,
but only investigate the effect of these constraints on the
anomalous terms in the semiclassical equations of motion.
The constraints involving T+ and C+ commute with the
Hamiltonian and can thus be understood as time-reversal
symmetries, whereas and the constraints involving T−
and C− anticommute with the Hamiltonian and can be
understood as particle-hole symmetries. Similar to Her-
mitian Hamiltonians, where chiral symmetry, the combi-
nation of time-reversal and particle-hole symmetry, may
still be present when both symmetries are broken indi-
vidually [78], the combinations of the antiunitary symme-
tries considered above are also relevant for the symmetry
classification. Following Ref. 26, we identify sublattice
symmetry S = T+T
∗
− (or S = C+C
T
−), chiral symme-
try Γ = T+C
∗
− (or Γ = T−C
∗
+) and pseudo-Hermiticity
η = T+C
∗
+ (or η = T−C
∗
−), giving
SHkS† = −Hk (F3)
ΓH†kΓ
† = −Hk (F4)
ηH†kη
† = Hk, (F5)
with unitary S, Γ, and η. Since it is plays a key role in
non-Hermitian systems [60], we also consider inversion
symmetry
PH−kP † = Hk, (F6)
with unitary P . Differently from the other symmetries
considered above, it is a unitary symmetry that com-
mutes with the Hamiltonian.
We will focus on time-reversal symmetry, pseudo-
Hermiticity, and inversion symmetry. Different from Her-
mitian systems, particle-hole symmetries might also play
a crucial role in determining restrictions on the anoma-
lous weight rate and velocity, as they can restrict energies
to be purely imaginary [27]. Since it is beyond the scope
of this manuscript, we leave the investigation of particle-
hole symmetries for future work.
In the following, we do not use bra-ket notation, but
instead consider a finite-dimensional Hilbert space where
a matrix Uk that diagonalizes the tight-binding Hamil-
tonian exists, which implies the absence of exceptional
points for all k [79]. Using Uk, the diagonal form of the
Hamiltonian reads
diag({εn,k}) = U−1k HkUk, (F7)
where generally U−1k 6= U†k. For simplicity, we choose
the Hamiltonian such that its eigenstates are the lattice-
periodic part of the eigenvectors [80]. The columns of Uk
are the right eigenvectors of Hk and the rows of (U−1k )∗
the left eigenvectors, in other words,
[Uk]jn = 〈j|uRnk〉, [U−1k ]nj = 〈uLnk|j〉. (F8)
We first consider the two variants of time-reversal sym-
metry before turning to their combination with inversion
symmetry and finally to pseudo-Hermiticity.
1. Time-reversal symmetry T+
To investigate the effect of time-reversal, we first
take the complex conjugate of Eq. (F7) and then insert
Eq. (F1)
diag({ε∗n,−k}) = (U∗−k)−1H∗−kU∗−k
= (T+U
∗
−k)
−1HkT+U∗−k. (F9)
This implies that for each state with energy εn,k at k,
there must exist a state with energy εn′,−k = ε∗n,k at
−k. At time-reversal invariant momenta (TRIM) K, two
linearly independent states with different energies εn,K 6=
εn′,K (yet related via complex conjugation εn,K = ε
∗
n′,K)
must exist when T+T
∗
+ = −1. Differently, time reversal
symmetry with T+T
∗
+ = +1 relates the state to itself at
K, which results in εn,K = ε
∗
n,K, i.e., the energies are
purely real at TRIM. From Eq. (F9), one is tempted to
conclude that
Uk = T+U
∗
−k. (F10)
However, this is only a sensible choice when T+T
∗
+ = +1.
Otherwise, the energy bands εn,k would be discontinuous
at the TRIM.
Time-reversal symmetry T+T
∗
+ = +1 has several impli-
cations for the anomalous velocity and weight rate terms.
Fixing the phase relation via Eq. (F10), the Gramian ma-
trix of the right eigenstates is constrained by
Inn′(k) =
∑
j
[U∗k ]jn[Uk]jn′
=
∑
j
[T ∗+U−k]jn[T+U
∗
−k]jn′ = In′n(−k). (F11)
Constraints set by T+ also apply to the four non-
Hermitian generalizations of the Berry connection,
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Eq. (9). Using the matrix Uk, the terms Aαβn with α 6= β
read
ALRn (k) = i
∑
j
[U−1k ]nj∂k[Uk]jn, (F12a)
ARLn (k) = i
∑
j
[U∗k ]jn∂k[U
−1
k ]
∗
nj , (F12b)
which gives, employing Eq. (F10)
ALRn (k) = i
∑
j
[U−1−k]
∗
nj∂k[U
∗
−k]jn (F13)
= −i
∑
j
[U∗−k]jn∂k[U
−1
−k]
∗
nj = −ARLn (−k),
where we used that ∂k(U
−1
k Uk) = 0. Since the two
Berry connections are further related via [ARLn (−k)]∗ =
ALRn (−k), integrals of ARLn and ALRn over the whole BZ
are purely imaginary in presence of T+. Furthermore,
since the derivative ∂kInn(k) of the even function Inn(k)
is odd, the anomalous weight rate integrated over the
whole Brillouin zone vanishes.
The Berry connection Aααn at k is related to itself at
−k via
ARRn (k) = i
∑
j [T
∗
+U−k]jn∂k[T+U
∗
−k]jn
Inn(k)
= −i
∑
j [U
∗
−k]jn∂k[U−k]jn − ∂kInn(−k)
Inn(k)
= −ARRn (−k) + i
∂kInn(−k)
Inn(−k) , (F14)
and
ALLn (k) = i
∑
j [(T+U
∗
−k)
−1]nj∂k[(T ∗+U−k)
−1]nj
[I−1]nn(−k)
= −i
∑
j [U
−1
−k]nj∂k[U
−1
−k]
∗
nj − ∂k[I−1]nn(−k)
[I−1]nn(−k)
= −ALLn (−k) + i
∂k[I
−1]nn(−k)
[I−1]nn(−k) . (F15)
Integrals of ARRn − i∂kInn/(2Inn) over the whole BZ are
therefore zero.
2. Time-reversal symmetry C+
Time-reversal symmetry C+ gives rise to different con-
straints on the Berry connections than T+. To fix the
gauge of the eigenstates, we first take the transpose of
Eq. (F7) and then insert Eq. (F2)
diag({εn,−k}) = UT−kHT−k(UT−k)−1 (F16)
= UT−kC
†
+Hk(U
T
−kC
†
+)
−1. (F17)
For each state with energy εn,k at k, a state with the
same energy εn′,−k = εn,k must exist at −k. At TRIM
K, two degenerate states with energy εn,K must exist
when C+C
∗
+ = −1, whereas time-reversed partners at K
only differ by a phase when C+C
∗
+ = +1. Different from
T+, we do not obtain a reality condition at K. We fix the
phase relation between time-reversed partners at k 6= K
via
U−1k = U
T
−kC
†
+. (F18)
When C+C
∗
+ = −1, this definition needs to be slightly
modified to be valid, e.g., by restricting k to half of the
BZ. Here, we focus on C+C
∗
+ = +1 to avoid these sub-
tleties.
When fixing the gauge according to Eq. (F18), the
Gramian matrix is related to its inverse via
Inn′(k) =
∑
j
[U∗k ]jn[Uk]jn′
=
∑
j
[C∗+(U
−1
−k)
†]jn[C+(U−1−k)
T ]jn′
= [I−1]n′n(−k). (F19)
The Berry connection Aαβn with α 6= β [Eq. (F12)] is
ALRn (k) = i
∑
j
[U−k]jn∂k[U−1−k]nj (F20)
= −i
∑
j
[U−1−k]nj∂k[U−k]jn = −ALRn (−k),
and analogously ARLn (k) = −ARLn (−k). The Berry con-
nection Aααn is constrained by
ARRn (k) = i
∑
j [U
−1
−kC+]
∗
nj∂k[U
−1
−kC+]nj
[I−1]nn(−k)
= −i
∑
j [U
−1
−k]nj∂k[U
−1
−k]
∗
nj − ∂k[I−1]nn(−k)
[I−1]nn(−k)
= −ALLn (−k) + i
∂k[I
−1]nn(−k)
[I−1]nn(−k) . (F21)
Integrals of ARLn and ALRn over the whole BZ are there-
fore zero, whereas the integral of ARRn − i∂kInn/(2Inn)
is not necessarily zero, but must equal the integral of
ALLn − i∂k[I−1]nn/(2[I−1]nn).
3. Inversion and time-reversal PT+
The anomalous velocity term is zero in presence of un-
broken PT+ symmetry with (PT+)(PT+)
∗ = +1. In
order to show that the anomalous velocity vanishes, we
first need to fix the gauge of the eigenstates. When it is
possible to modify Eq. (F10) such that
Uk = PT+U
∗
k , (F22)
all energies are real, and the PT+ symmetry is said to
be unbroken [16, 60]. The unbroken PT+-symmetric is
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separated by an exceptional point from the PT+ bro-
ken phase, where eigenvalues are generally complex [53].
Here, we consider the case when Eq. (F22) holds and we
have purely real eigenvalues in a non-Hermitian system.
This implies that
ARLn (k) +ALRn (k) = 0, (F23)
where we employed that Eq. (F13) connects the same
momenta when PT+ symmetry is present. Furthermore,
Eq. (F14) is modified to
ARRn (k) = −ARRn (k) + i
∂kInn(k)
Inn(k)
, (F24)
which gives
ARR(k)− i
2
∂kInn(k)
Inn(k)
= 0, (F25)
as quoted in the main text. Thus, both terms that enter
the anomalous contribution to the velocity [Eq. (29)] are
zero. As we show in Appendix D, the anomalous contri-
bution is gauge-independent, thus, although we derived
it here in a certain gauge choice [Eq. (F22)], the final
result is independent of this choice.
The anomalous contribution to the weight rate is gen-
erally nonzero.
4. Inversion and time-reversal PC+
Only certain terms vanish in presence of PC+ sym-
metry with (PC+)(PC+)
∗ = +1. For unbroken PC+
symmetry, left and right eigenstates are related: In par-
ticular, the inverse of Uk may be written as
DkU
−1
k = U
T
k C
†
+P
†, (F26)
which is an extension of Eq. (F18). The matrix Dk is a
diagonal matrix that is necessary to keep left and right
eigenstates orthonomal, i.e., Dk is included to keep the
relation U−1k Uk = 1 intact. The diagonal matrix Dk can
be absorbed by Uk → Uk
√
Dk as long as
√
Dk is well-
defined (its elements [Dk]nn cannot be real and negative,
which is true apart from certain isolated points in pa-
rameter space). Absorbing Dk changes Eq. (F26) to the
simpler U−1k = U
T
k C
†
+P
†. Thus, in the presence of un-
broken PC+ symmetry, Eq. (F13) is modified in that it
now connects the same momentum k, giving
ALRn (k) = −ALRn (k), (F27)
and accordingly ALRn (k) = ARLn (k) = 0. Furthermore,
Eq. (F19) gets promoted to
Inn′(k) = [I
−1]n′n(k), (F28)
such that we obtain for the remaining nonzero contribu-
tion to the velocity term, using Eq. (F21),
∂kInn(k)
Inn(k)
= −i (ARRn (k) +ALLn (k)) , (F29)
ARRn −
i
2
∂kInn(k)
Inn(k)
=
1
2
(ARRn −ALLn ) . (F30)
In fact, the eigenfunctions in the SSH model considered in
Sec. VI can be chosen such that ALRn (k) = ARLn (k) = 0.
Note that this is a gauge choice: The diagonal matrix Dk
introduced above does not need to absorbed by Uk, which
gives generally nonzero Berry connections ARLn and ALRn ,
but leaves the gauge-independent anomalous weight rate
and velocity invariant.
5. Pseudo-Hermiticity
When pseudo-Hermiticity [Eq. (F5)] is present, the left
and right eigenvectors are related to another by a uni-
tary transformation. Taking the Hermitian conjugate of
Eq. (F7) gives
diag({ε∗n,k}) = U†kH†k(U†k)−1 (F31)
= U†kη
†Hk(U
†
kη
†)−1, (F32)
thus, for each eigenstate with energy εn,k, there must
another eigenstate with energy εn′,k = ε
∗
n,k. Similar to
PT+ and PC+ symmetry, we call pseudo-Hermiticity un-
broken when these states are the same. This allows to fix
the gauge via
DkU
−1
k = U
†
kη
†, (F33)
with a diagonal matrix Dk, which is only possible if
η = η† as also required, e.g., in Ref. 26. This implies that
Dk is real since Dk = U
†
kη
†Uk. Since the entries [Dk]nn
are real,
√
Dk is in general not well-defined: Differently
from the PC+ symmetry discussed above, the scenario
ill-defined square root for [Dk]nn < 0 is no longer con-
fined to isolated points in parameter space. Hence, we
cannot absorb the matrix Dk in the eigenvectors Uk. Us-
ing Eq. (F33), we can rewrite the Gramian matrix
Inn′(k) =
∑
j
[U∗k ]jn[Uk]jn′ =
∑
j
[DkU
−1
k ]nj [DkU
−1
k ]
∗
n′j
= [Dk]nn[I
−1]nn′(k)[Dk]n′n′ , (F34)
thus, I(k)D−1k = DkI
−1(k) and therefore squares to the
identity. We further obtain that the Berry connection
transforms as
ALRn (k) = i
∑
j
[U−1k ]nj∂k[Uk]jn
= i
∑
j
[UkD
−1
k ]
∗
jn∂k[DkU
−1
k ]
∗
nj
= ARLn (k) + i[D−1k ]nn∂k[Dk]nn, (F35)
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and
ARRn (k) = i
∑
j [U
∗
k ]jn∂k[Uk]jn
Inn(k)
= i
∑
j [DkU
−1
k ]nj∂k[DkU
−1
k ]
∗
nj
[DkI−1(k)Dk]nn
= ALLn (k) + i[D−1k ]nn∂k[Dk]nn. (F36)
The anomalous weight rate and velocity are therefore
generally nonzero. When the matrix Dk can be ab-
sorbed into the eigenstates, i.e., when [Dk]nn > 0, the
anomalous weight rate must be zero; in this situation,
I(k) equals the identity and ARL = ALR as well as
ARR = ALL.
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